Information and Communication Technologies. Media-Information Literacy

- Part I1.

Math methods for data analysis:

interpolation and approximation methods

I1I.3 Approximation

using the Least Squares Method
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Math methods for data analysis: interpolation and approximation methods

Interpolation — a general term (concept)
of constructing new data points
within the range of a discrete set of known data points

« the given data points are considered
to be exact nodes of the function to be constructed

(unlike Interpolation), Approximation — a concept of finding
the best possible fit to the given data points,
which would allow to predict values
outside of the measured range
of a discrete set of known data points

« the given data points are regarded as the approximate ones
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Approximation
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Task: find a function Y=F(X), which
Y2 ol T _T describes the observed dependence and
S e ®
1 : : produces values Y;=F(x;), as_close as
| 1 |
“ | : possible to measured y,...v,, at xg,...X,.
R
| 1 | B
0 Xy X X X

Condition of being as close as possible mathematically is written as follows:
(y," Yi)z — min & 2 (y, - Yi)z — min
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Standard regressions used for approximation of data points:

LS method guarantees that the found fit would be the best possible
with the given type of dependence.

Standard dependences:
To choose a proper dependence type:

» perform visual analysis of the data points;
» consider physical processes the dependence should be described with:
euse analytical algorithm (Demidovitch)

E. fractionally-

A. linear: y=ax+b i y=1/(ax+b)
B. polynomial
(example - square-| y=axZ+bx+c F. logarithmic: y=a ln(x)+b
law):
G. inversely-
- . = m =
C. power-law: y=ax sl y=a/x+b
D. exponential: y=a exp(kx) H. rational: y=x/(ax+b)
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Linear approximation:

L= 1,2,..n
Y.(x;) =a+ b-x;

1 * * *
0?2 = =2[(a + b-x;) - y;]?, ©?is the variance, 62—min.
n

Differentiating X[(a + b-x;) - v;]? by each parameter, and setting differential
equal to 0, we obtain a system of m+1 equations:

d
{a [Z((a : bxl) % Yi)z] =0 =S { na + ble Zyl

d . 2 — A
5 [Z((a i bxl-) s yi)z] = ale == ble leyl

I
o

Hence, to find the best possible linear fit for {x;;v;}, one needs to compute :
ZX,-, inz) Zyi’ inyi'
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Example: finding of coefficients a,, a, for fitting curve y = ax+a;:

pata ﬂllﬂllﬂﬂﬂ ( na+os

table: v 1.1 141 17.0 arx; + bIx? = Zx;y;

I
DM
=

><|

Bl e Vi Vi Hence, system of equations:
LIl 1 20 20 91+ a; - 21 = 2524

ap - a - — :
EN 4 4.9 9.8 { N
BEN 9 7.9 23.7
4 16 11.1 44.4 Solution:
5 25 14.1 70.5 I

0 — .

Kl - 3% 17.0 102 {al et
Bl 91 57.0  252.4
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Polynomial approximation

y=aex™+ a;x™ ! +a,x™ 2%+ +a, 1x' +a,
Differentiating by free coefficients, we have a system with unknown a,...a,,.

( aoZx™ + a; Zx™ ! + @, Zx™ 7 + -+ na,, = 2y,
aoZx™ 1 + @ ZxM™ + a4+ -+ ap2x; = Zxy;
BRI - a T @ a4 e+ apZa? = Ixly

RO ™ + a, 2™ 4 a2 e+ g 2a = Exy

Make a table for calculation:

—“----

X1Y1 xX$y1 x1'y1

X3 x% o Y2 X2Y7 X5V, . X3'Y2
2 2 2 m

Xn xnyn * xnyn yn xnyn xnyn L xn yn

2X; X, : Zx;y; 2y, IXy;  EIxty; . Xx{"Yi
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Other standard regressions. Linearization by variable(s) change

type change regression
) )

C. power-law: y=ax™ lg(y) = m-lg(x) + lg(a) Y=lgly),

Y=m-X+lg(a

X = lg(x)
D. exponential: REEE2I104] In(y) = In(a) + kx Y = In(y) Y = kx + In(a)
E. fractionally- [ _ _ _
linaar y=1/(ax+b) 1/y=ax+Db Y ="ty Y=ax+b
F. logarithmic: RGERLIV4ER: X = ln(x) y=aX+b
& mvel_'sely-. y=a/x+b X =11x y=aX+b
proportional:
H. rational: y=x/(ax+b) 1/y=a+ b/x Y=1/y, X=1/x Y=a+b-X
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Exercise 1. In the "Fundamentals of Chemistry" by D.I. Mendeleyev,
data are presented on the solubility of sodium nitrate (NaNO;) as a
function of water temperature. In a hundred parts of water the following
number of parts of the substance dissolves at the appropriate temperatures:

Plot data points and find linear approximation: n = a + bt.

s IS 0 R

e

10
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v,
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Exercises 2. When 0.61 3.05
studying the street traffic, 1.22  6.71
observations were made X7l 4.88

BN 3.05

on the distance traveled

£.93 0 549 11037
il 854 5.18

6.10 4.27 7.32  8.54
10.37 7.93 10.37 14.03
10.98 7.93 18.30 24.40
yLREN 16.47 7.93 6.10

YAl °9.76 12.20

YAl 15.25 12.20 9.76

il 17.08  25.62  23.18 12.81
<ofval 20.74  14.03  10.98
14.64 17.08 19.52 15.86 9.76
KRRl 20.13

Plot data points and CYAAl 16.47
find linear/polynomial 28.36 21.35 36.60 28.06

approximation. 04023125920 | | | |
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(after braking), depending
on the speed. The results

of observations are:
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Exercises 3. Data of laboratory experiments on the determination of gravity with
the help of a device with a falling load, in which the load positions at the ends of

consecutive intervals in 1/30 second were noted by the spark method, are given in
the table.

The dependence s(t) has the form: s =s, + Uyt + 1/2 gt? . Find g.

Peg's data for determination of the free-fall acceleration:
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15.67
20.60
26.69
33.71
41.93
51.13
61.49
72.90
85.44
99.08
113.77
129.54
146.48
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Exercise 4. In a laboratory work on refractometry, it is required to calculate the

unknown concentration of glycerin solution by its refractive index using the
coefficients of solutions with known concentration. The refractive index in the work
is determined with use of a refractometer:

Sample 1 2 3 4 5

Concentration, % X 25 50 75 100 X

Refractive index,
n

Y 1.3734 1.3943 1.4244 1.4538 1.3746

Find linear dependence y=a,x + a, and determine the unknown concentration.

http://rplab.ru/~vlobanov / Information & Communication Technologies and

Media-Information Literacy / The Least Square Method Introduction / LSM.pdf
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