rical Integration Meth
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Numerical Integration —is used if:

the function is given in a table form;
the integrand has rather a complicated form;

Numerical Integration

numerical solution would be:

- faster an

- more general...

Numerical Integration —can be carried out by:

Method of undetermined coefficients

Monte Carlo Methods

X Xo | X | Xy Xp
fX) | Yo | Y1 | V2 Yn
d simpler ,
Substitution Method (integrand -> polynomial function)
© Y. Lobanov, Moscow State Pedagogical University, 2021 2




Numerical Integration

Numerical Integration carried out by Substitution Method
(integrand -> polynomial function)

using the Lagrange Interpolation :
= Of the 1st order -> trapezoidal rule

= Of the 2"9 order -> Simpson’s rule
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Numerical Integration

v Interpolation: Lagrange formula X | xg. | X, G S

n

fX) | Yo | Y1 | Y2 ]| | Vi

F(x) — P,(x) = agx" + a,x™+ a,x"2 +...+a"'x+a,

Ln(x) = &(x)+4(X)+GH(X)+...+6,(X)

{yi’ i=k
where ¢ (x,) =
3 () 0,i=k

v

> CE | KW Ty

><———_————
N

4(x) = Ci-(x —x0)(x —x)(x —x2) "o (0 = X)) (X = Xypq) o (= X7)

Vi
R ) xp) - (o — o) (% — X)) s (6 il

Ci=

Ln I Z (X -3 XO)(X e xl)(x — xz) - (x — xi—l)(x L xi+1) - (X i xn)

BRI &, — 1) (x — %) - Gy — 0o — 2) P
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Numerical Integration

Integration: Trapezoidal rule X b Xo: | X S

fX) | Yo | Y1 | Y2 ]| | Vi

ff:x”f (x)dx = f;j f(x)dx + f;“f flx)dx + ..+ f;n"_l f(x)dx

X0

Xn — Xo
=

[t fodx = n
fxlqu(x)dx = fo [x_X1 Yo+ }’1] dx = %'(3’04‘)’1)

Xo—X1 X1—Xp

b i : (.X' =N XO)(X - xl)(x — XZ) o (x —_ xi—l)(x ] xi+1) . (X e xn)

= 4 (X5 — x0)(x; — x1) (x5 — x2) ~.- (y — x5-1) (6 — 2510 E
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Numerical Integration

Integration: Trapezoidal rule X Al xs | Xy e
X T X fOO 1 Yo | Y1 [ Y2 | | Y
n
DE=EX ' X X
Jamr, FCdx = [ *f)dx + [ °f(x)dx + .+ [ f(x)dx

X3 h
J 1f(x)dng-(yoﬂfl) sz f(x)dxzi'(szryB)

0

Xn—1

Xy h Xn Avff_
f iod)idoo zE - (y1 +y2) f f(x)dx ~ 2 (Vridnatgzs)

b=x
n h
j f(x)dxzi-(yo+2y1+2yz+2y3+-~+2yn-1+yn)
a=x
¥ h— n—-1 ] h h n—-1
E)’0+J’n+2123’i =5)’0"‘5)’n+h'Z)’i
1= I'=
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Numerical Integration

Interpolation: Lagrange formula

|l i | (X i xo)(x = xl)(x — xz) - (x = xi—l)(x i xi+1) . (X i xn)
m = L G 1) — )G — 22 o O — 2 ) (= Fie) o (= )

) Functional term
Numerical term C, ‘1'

\/

coefficients

g i
—t—

. e o) (x — x2) o Yo _x2+x-(—x1—x2)+x1-x2
y . € 1) (g — x,) (xg = x1)(xg = x3) 1

D5 e ) (x — x5) _ Y1 _x2+x-(—x0—x2)+x0-x2
: : (x1 = xO)(xl LT xz) (x1 - xo)(x1 - xz) il

L. (x — x0) (x — x1) o Y1 _x2+x-(—x0—x1)+x0-x1
: 4 S — x1) (xy = x9) (X3 = x4) 1

Ln:lo+l1+12
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Numerical Integration

Integration: Simpson’s rule % Xo | X 4856 Xy
fX) | Yo | Y1 | V2 Yan
Use even number of intervals
b=Xxyn X2 X4 Xon
x)dx = x)dx + x)dx + ...+ x)dx
B C)dr = [ ° fCodx + [ F () ik
* 3 AL Xon — Xo
[i2 fGdx ~ [ Lof (0dx = 2n
_%2 [ Ge=xq)-(x—xz) (x=x0) (x=x3) (x—x9)(x—=x1) o
fxo (xg—x1)(x9—x2) Yo (x1—x0)(x1—x3) Y1 (x3—x0)(x2—x1) yz] a5

h
=§'(}’0+4J’1 +y2)

. Z = IO =) = ) G 1) O = X))
i=0

; (X5 — x0)(x; — x1) (x5 — x2) ~.- (y — x5-1) (6 — 2510 E
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Numerical Integration

Integration: Simpson’s rule X Xo | Xii] 80 e A

fx) | Yo | Yi| Y2 | - | Yon

Use even number of intervals

oo fG)dx = [32 f () + [ fG)dx + ot [0 f(x)dx

a=Xo

Xon — Xo

s 2n

X2 h
| Feodx =3 00+ 41 +3)
X0
X2n

h
4 h o
sz f(x)dx z§ - (y, + 4y;5 + y,) Jx _Zf(X)dx ~3 (Von—2 B AYon qeas

2n

b=x2n h
j f(x)dx = 3 (Yo +4y1 + 2y, +4y3 +2y4 ...+ 2Y25-2 + 4Y2n—1 + You) =

a=xo

2n-1
h < K can be constructed using math operators
=3 Yo+ ¥Y2n + (K) - Z Yi
i=1
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Numerical Integration

To do:

v' Training tasks
v' Velocities problem

v Physics tasks
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Training tasks

1. Mathematical exercises. Compute the integrals using trapezoidal and

lad

A

Numerical Integration

Simpson rules. Use the specified number of intervals i, 2n, 5n, 10n, 20n.

15.

1'7.

19.

]
Lad

"4 -
[(2x* —Vx+2)dx

]

3

I{Sn‘l —x)dx

0

4 £
I{T+ x—2x")edx
1

j'{l\': —2—Jx)dx

-

_[.[_1.-5 + 1)

-

(x* +x+2 —1dx

Sy, |

[ )

:[{l\': —x— 1)y
|

[@x* +1-Jx+d)dx

-I P 3
J-{'."' Va4 2x" )dx

1
g

f2x® =2+ x)dx

-

6
j{ x° + 4+ X Yl

I{ 237 14 +/x)dv
0

© Y. Lobanov, Moscow State Pedagogical University, 2021

n=06
n=>6
n==06
n=~6
n==_8
n=_§
n=3
n==38
n==6
n=>06
n=~6
n==6

P

G,

I:I 3
_[{S.v‘ +x+Ddx

3

4 4 =
[~
1

3 —
_F (7% —3/x)dx
0

j'{ 5x% +v/x)dx
o

4 _
I{ 2x° +1—+x)dx
1]

I{.T: 24 \-"I.T}.:f]'
0

I{.‘r:‘ + )dx

-1

4 " o

J’ (2x* —1,5+/x)dx
1

3
I{T.\'J + 3+ ¥ )elx
o

3 _
!‘{5.1'2 —1+ ./ x)dx
]

6 B
I{.T Y 4 dx

__[{3.1'1 + 2+ x + 2}y

=

n=06
n=6
n==6
n=6
n==_a
n==_8
n==_
n=06
n=06
n=6
n==_
n=a
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Numerical Integration

Velocities problem

2. In the file “velocities.txt”

(http://www-personal.umich.edu/~mejn/cp/data/velocities.txt),

the first column represents time t in seconds and the
second - the x-velocity in meters per second of a
particle, measured once every second from time t =0
to t = 100.

Read in the data and, using numerical integration,
calculate the approximate distance traveled by the
particle in the x direction as a function of time.

© Y. Lobanov, Moscow State Pedagogical University, 2021
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Numerical Integration

Physics tasks

1. Find area of a flat figure D defined by the curvatures given below and noting that

Sp = J’J‘dxd.y
D

}’=3-_ x=4—y? x+y=2 x+y—-5=0
D jy=— 1) {x+2y—4:{] 7)! y=x 10)
y=0 y=0 xy =4
X = x=y? -2y x=0 (¥ =10x+25
= y=x Y2 +6x=9
_5.,2 _ V=
3) {y:Sx 6) 4 x+y=6 9) 12) y:zi
= —_ 3 x
=1 Y= ng'yz x =16
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Numerical Integration

Physics tasks

2. Find moment of nertia (with respect to the Cartesian axes) of a flat plate defined

by the given curvatures. Note that
(

Jx = ﬂ yip(x,y) dx dy
D

o= || #ocuy) dxdy
D

\

x= 2 2
y=20 y:Zx—xz y:2x3 T'I‘}"z:l
DYy x=2y2(y=0) 3) y=x 554 yr=2x 7)

T2 ; = — 2 i —_ 2

p(x’}r) ) T+6y p(xry) X p(xry) y ,U(JC,}’) 4y

x=0 2 2 _

y:x2 x =2 ;‘C:yz ngyZZi
)] x=y? H{ y=0 6) ) y=x2 8 TTI
p(x,y) = x y=3 . plx,y) =y play) =5

p(x,y) = x7y
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Numerical Integration

Physics tasks

3. Find coordinates of the centre of the mass of a flat plate (x, = Mym, y, = My/m)

using
Mx=ﬂyp(x,y)dxdy
D
1 My = J’J‘ xp(x,y)dxdy
D
m.=ﬂ p(x,y)dxdy
- D
1) y—E—x 3) x+y=3 55 y=2-x 7
.x—O y=0 p(x,y) = y? p(x,y) = 4y?
pLey) =y p(x,y) =1/x ’
y=4 x2 y=x3 y=2x—x2 x2+y2=2x
T — 2 2 _ ¢
2) y=0 4) y = —/x 6) :V—Z_—sz g) { X +y —;ixz
p(xy) = x x =2 x = e y) = 22
’ p(x,y) = x3 px,y) =y x+y
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Numerical Integration

Physics tasks

4. Find the moment of inertia of a homogeneous ball, with mass m.

1)p=po-e"

2)p=poe z

6. Find the charge flown through a circuit during T =1, 10, 100 mun 1f

t

Di=1-e7%7
ot
2) UZUQ'E’RT
R=R,- 2

Vi

Vary parameters I, Uy, Ry, @ within a meaningful range.
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5. Find the moment of mertia of an inhomogeneous ball, with density p:

16



