
1 © Y. Lobanov, Moscow State Pedagogical University, 2021 

  Numerical Integration Methods 

Computational Physics 
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Numerical Integration 

Numerical Integration –is used if: 

  the function is given in a table form; 

  the integrand has rather a complicated form; 

  numerical solution would be: 

- faster and simpler , 

- more general… 

Numerical Integration –can be carried out by: 

  Substitution Method (integrand -> polynomial function) 

 Method of undetermined coefficients 

 Monte Carlo Methods 

x x0 x1 x2 … xn 

f(x) y0 y1 y2 … yn 
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Numerical Integration 

Numerical Integration carried out by Substitution Method 

(integrand -> polynomial function)  

using the Lagrange Interpolation : 

 Of the 1st order -> trapezoidal rule 

 Of the 2nd order -> Simpson’s rule 
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Numerical Integration 

x x0 x1 x2 … xn 

f(x) y0 y1 y2 … yn 

Interpolation: Lagrange formula 

F(x) → Pn(x) = a0x
n + a1x

n-1+ a2x
n-2 +…+an-1x+an 

Ln(x) = l0(x)+l1(x)+l2(x)+…+ln(x) 

where li (xk)  =  

yi, i=k  

0, i ≠ k  

li (x) = C𝑖 ∙ 𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥2 ∙. .∙ 𝑥 − 𝑥𝑖−1 (𝑥 − 𝑥𝑖+1) ∙. .∙ (𝑥 − 𝑥𝑛) 

C𝑖 =
𝑦𝑖

𝑥𝑖 − 𝑥0 𝑥𝑖 − 𝑥1 𝑥𝑖 − 𝑥2 ∙. .∙ 𝑥𝑖 − 𝑥𝑖−1 (𝑥𝑖 − 𝑥𝑖+1) ∙. .∙ (𝑥𝑖 − 𝑥𝑛) 
 

L𝑛 = 𝑦𝑖

𝑛

𝑖=0

𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥2 ∙. .∙ 𝑥 − 𝑥𝑖−1 (𝑥 − 𝑥𝑖+1) ∙. .∙ (𝑥 − 𝑥𝑛)

𝑥𝑖 − 𝑥0 𝑥𝑖 − 𝑥1 𝑥𝑖 − 𝑥2 ∙. .∙ 𝑥𝑖 − 𝑥𝑖−1 (𝑥𝑖 − 𝑥𝑖+1) ∙. .∙ (𝑥𝑖 − 𝑥𝑛) 
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Numerical Integration 

x x0 x1 x2 … xn 

f(x) y0 y1 y2 … yn 

Integration: Trapezoidal rule 

L𝑛 = 𝑦𝑖

𝑛

𝑖=0

𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥2 ∙. .∙ 𝑥 − 𝑥𝑖−1 (𝑥 − 𝑥𝑖+1) ∙. .∙ (𝑥 − 𝑥𝑛)

𝑥𝑖 − 𝑥0 𝑥𝑖 − 𝑥1 𝑥𝑖 − 𝑥2 ∙. .∙ 𝑥𝑖 − 𝑥𝑖−1 (𝑥𝑖 − 𝑥𝑖+1) ∙. .∙ (𝑥𝑖 − 𝑥𝑛) 
 

 𝑓 𝑥 𝑑𝑥
𝑏=𝑥𝑛
𝑎=𝑥0

 =  𝑓 𝑥 𝑑𝑥
𝑥1
𝑥0

 +  𝑓 𝑥 𝑑𝑥
𝑥2
𝑥1

 + …+  𝑓 𝑥 𝑑𝑥
𝑥𝑛
𝑥𝑛−1

  

 𝑓 𝑥 𝑑𝑥 ≈
𝑥1
𝑥0

 

 𝐿1𝑓 𝑥 𝑑𝑥
𝑥1
𝑥0

 =   
𝑥−𝑥1

𝑥0−𝑥1
∙ 𝑦0 +

𝑥−𝑥0

𝑥1−𝑥0
∙ 𝑦1 𝑑𝑥 =  

ℎ

2
∙ 𝑦0 + 𝑦1  

𝑥1
𝑥0

  

ℎ =
𝑥𝑛 − 𝑥0
𝑛
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Numerical Integration 

x x0 x1 x2 … xn 

f(x) y0 y1 y2 … yn 

Integration: Trapezoidal rule 

 𝑓 𝑥 𝑑𝑥
𝑏=𝑥𝑛
𝑎=𝑥0

 =  𝑓 𝑥 𝑑𝑥
𝑥1
𝑥0

 +  𝑓 𝑥 𝑑𝑥
𝑥2
𝑥1

 + …+  𝑓 𝑥 𝑑𝑥
𝑥𝑛
𝑥𝑛−1

  

 𝑓 𝑥 𝑑𝑥 ≈
𝑥1

𝑥0

ℎ

2
∙ 𝑦0 + 𝑦1  

 𝑓 𝑥 𝑑𝑥 ≈
𝑥2

𝑥1

ℎ

2
∙ 𝑦1 + 𝑦2  

 𝑓 𝑥 𝑑𝑥 ≈
𝑥3

𝑥2

ℎ

2
∙ 𝑦2 + 𝑦3  

 𝑓 𝑥 𝑑𝑥 ≈
𝑥𝑛

𝑥𝑛−1

ℎ

2
∙ 𝑦𝑛−1 + 𝑦𝑛  

… 

 𝒇 𝒙 𝒅𝒙
𝒃=𝒙𝒏

𝒂=𝒙𝟎

≈
𝒉

𝟐
∙ 𝒚𝟎 + 𝟐𝒚𝟏 + 𝟐𝒚𝟐 + 𝟐𝒚𝟑 +⋯+ 𝟐𝒚𝒏−𝟏 + 𝒚𝒏

=
𝒉

𝟐
𝒚𝟎 + 𝒚𝒏 + 𝟐𝒚𝒊

𝒏−𝟏

𝒊=𝟏

=
𝒉

𝟐
𝒚𝟎 +
𝒉

𝟐
𝒚𝒏 + 𝒉 ∙  𝒚𝒊

𝒏−𝟏

𝒊=𝟏

 

ℎ =
𝑥𝑛 − 𝑥0
𝑛
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Numerical Integration 

Interpolation: Lagrange formula 

L𝑛 = 𝑦𝑖

𝑛

𝑖=0

𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥2 ∙. .∙ 𝑥 − 𝑥𝑖−1 (𝑥 − 𝑥𝑖+1) ∙. .∙ (𝑥 − 𝑥𝑛)

𝑥𝑖 − 𝑥0 𝑥𝑖 − 𝑥1 𝑥𝑖 − 𝑥2 ∙. .∙ 𝑥𝑖 − 𝑥𝑖−1 (𝑥𝑖 − 𝑥𝑖+1) ∙. .∙ (𝑥𝑖 − 𝑥𝑛) 
 

𝑙0  = 𝑦0 ∙
𝑥 − 𝑥1 𝑥 − 𝑥2  

𝑥0 − 𝑥1 𝑥0 − 𝑥2  
 

𝑙1  = 𝑦1 ∙
𝑥 − 𝑥0 𝑥 − 𝑥2  

𝑥1 − 𝑥0 𝑥1 − 𝑥2  
 

𝑙2  = 𝑦2 ∙
𝑥 − 𝑥0 𝑥 − 𝑥1  

𝑥2 − 𝑥0 𝑥2 − 𝑥1  
 

𝐋𝒏 = 𝒍𝟎 + 𝒍𝟏 + 𝒍𝟐  

=
𝑦0 

𝑥0 − 𝑥1 𝑥0 − 𝑥2  
∙
𝑥2 + 𝑥 ∙ −𝑥1 − 𝑥2 + 𝑥1 ∙ 𝑥2

1
 

=
𝑦1 

𝑥1 − 𝑥0 𝑥1 − 𝑥2  
∙
𝑥2 + 𝑥 ∙ −𝑥0 − 𝑥2 + 𝑥0 ∙ 𝑥2

1
 

=
𝑦1 

𝑥2 − 𝑥0 𝑥2 − 𝑥1  
∙
𝑥2 + 𝑥 ∙ −𝑥0 − 𝑥1 + 𝑥0 ∙ 𝑥1

1
 

Numerical term Ci 

Functional term 

coefficients 
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Numerical Integration 

x x0 x1 x2 … x2n 

f(x) y0 y1 y2 … y2n 

Integration:  Simpson’s  rule 

L𝑛 = 𝑦𝑖

𝑛

𝑖=0

𝑥 − 𝑥0 𝑥 − 𝑥1 𝑥 − 𝑥2 ∙. .∙ 𝑥 − 𝑥𝑖−1 (𝑥 − 𝑥𝑖+1) ∙. .∙ (𝑥 − 𝑥𝑛)

𝑥𝑖 − 𝑥0 𝑥𝑖 − 𝑥1 𝑥𝑖 − 𝑥2 ∙. .∙ 𝑥𝑖 − 𝑥𝑖−1 (𝑥𝑖 − 𝑥𝑖+1) ∙. .∙ (𝑥𝑖 − 𝑥𝑛) 
 

 𝑓 𝑥 𝑑𝑥
𝑏=𝑥2𝑛
𝑎=𝑥0

 =  𝑓 𝑥 𝑑𝑥
𝑥2
𝑥0

 +  𝑓 𝑥 𝑑𝑥
𝑥4
𝑥2

 + …+  𝑓 𝑥 𝑑𝑥
𝑥2𝑛
𝑥2𝑛−2

  

 𝑓 𝑥 𝑑𝑥 ≈
𝑥2
𝑥0

  𝐿2𝑓 𝑥 𝑑𝑥
𝑥2
𝑥0

 = 
ℎ =
𝑥2𝑛 − 𝑥0
2𝑛

 

Use even number of intervals 

= 
𝑥−𝑥1 ∙ 𝑥−𝑥2

𝑥0−𝑥1 ∙ 𝑥0−𝑥2
∙ 𝑦0 +

𝑥−𝑥0 ∙ 𝑥−𝑥2

𝑥1−𝑥0 ∙ 𝑥1−𝑥2
∙ 𝑦1 +

𝑥−𝑥0 ∙ 𝑥−𝑥1

𝑥2−𝑥0 ∙ 𝑥2−𝑥1
∙ 𝑦2 𝑑𝑥 = 

𝑥2
𝑥0

 

=
ℎ

3
∙ 𝑦0 + 4𝑦1 + 𝑦2   
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Numerical Integration 

x x0 x1 x2 … x2n 

f(x) y0 y1 y2 … y2n 

Integration:  Simpson’s  rule 

 𝑓 𝑥 𝑑𝑥
𝑏=𝑥2𝑛
𝑎=𝑥0

 =  𝑓 𝑥 𝑑𝑥
𝑥2
𝑥0

 +  𝑓 𝑥 𝑑𝑥
𝑥4
𝑥2

 + …+  𝑓 𝑥 𝑑𝑥
𝑥2𝑛
𝑥2𝑛−2

  

ℎ =
𝑥2𝑛 − 𝑥0
2𝑛

 

Use even number of intervals 

 𝑓 𝑥 𝑑𝑥 ≈
𝑥2

𝑥0

ℎ

3
∙ 𝑦0 + 4𝑦1 + 𝑦2  … 

 𝒇 𝒙 𝒅𝒙
𝒃=𝒙𝟐𝒏

𝒂=𝒙𝟎

≈
𝒉

𝟑
∙ 𝒚𝟎 + 𝟒𝒚𝟏 + 𝟐𝒚𝟐 + 𝟒𝒚𝟑 + 𝟐𝒚𝟒…+ 𝟐𝒚𝟐𝒏−𝟐 + 𝟒𝒚𝟐𝒏−𝟏 + 𝒚𝟐𝒏 = 

 𝑓 𝑥 𝑑𝑥 ≈
𝑥4

𝑥2

ℎ

3
∙ 𝑦2 + 4𝑦3 + 𝑦4   𝑓 𝑥 𝑑𝑥 ≈

𝑥2𝑛

𝑥2𝑛−2

ℎ

3
∙ 𝑦2𝑛−2 + 4𝑦2𝑛−1 + 𝑦2𝑛  

=
𝒉

𝟑
𝒚𝟎 + 𝒚𝟐𝒏 + 𝑲 ∙  𝒚𝒊

𝟐𝒏−𝟏

𝒊=𝟏

 
K can be constructed using math operators 
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Numerical Integration 

To do: 

 

 Training tasks 

 Velocities problem 

 Physics tasks 
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Numerical Integration 

Training tasks 
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Numerical Integration 

Velocities problem 

2. In the file “velocities.txt”  

 
(http://www-personal.umich.edu/~mejn/cp/data/velocities.txt), 

 

 the first column represents time t in seconds and the 

second - the x-velocity in meters per second of a 

particle, measured once every second from time t = 0 

to t = 100. 

 Read in the data and, using numerical integration, 

calculate the approximate distance traveled by the 

particle in the x direction as a function of time.  
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Numerical Integration 

Physics tasks 
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Numerical Integration 

Physics tasks 
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Numerical Integration 

Physics tasks 



16 © Y. Lobanov, Moscow State Pedagogical University, 2021 

Numerical Integration 

Physics tasks 


